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Abstract
An element α ∈ Fqn is normal if B = {α, αq, . . . , αqn−1} forms a basis of Fqn as a
vector space over Fq; in this case, B is a normal basis of Fqn over Fq. The notion
of k-normal elements was introduced in Huczynska et al (2013). Using the same
notation as before, α is k-normal if B spans a co-dimension k subspace of Fqn . It
can be shown that 1-normal elements always exist in Fqn , and Huczynska et al
(2013) show that elements that are simultaneously primitive and 1-normal exist
for q ≥ 3 and for large enough n when gcd(n, q) = 1 (we note that primitive
1-normals cannot exist when n = 2). In this paper, we complete this theorem
and show that primitive, 1-normal elements of Fqn over Fq exist for all prime
powers q and all integers n ≥ 3, thus solving Problem 6.3 from Huczynska, et
al (2013).
Keywords: finite fields, primitive elements, normal bases, k-normal elements
1. Introduction
Let q be a power of a prime, there is a unique (up to isomorphism) finite
finite of q elements, denoted Fq. For all positive integers n, the finite extension
field Fqn of Fq can be viewed as a vector space over Fq. Finite extension fields
display cyclicity in multiple forms; for example, their Galois groups are cyclic of
order n, generated by the Frobenius automorphism αq(α) = α
q for any α ∈ Fqn .
The multiplicative group of Fqn , denoted F
∗
qn is a cyclic group of order q
n − 1.
An element α ∈ Fqn is primitive if it is a generator of F∗qn . An element α ∈
Fqn is normal in Fqn over Fq if its Galois orbit is a spanning set for Fqn as a vector
space over Fq. Specifically, α is a normal element if B = {α, αq, . . . , αqn−1} is
a basis of Fqn over Fq, whence we call B a normal basis of Fqn over Fq. The
existence of normal elements of finite extension fields Fqn over Fq was established
for all q and n by Hensel in 1888 and re-established by Ore in 1934 by studying
properties of linearized polynomials. In this work, we draw on ideas extending
from Ore.
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A natural question is to establish the existence of elements of Fqn which are
simultaneously primitive and normal over Fq. This was proven asymptotically
when q = p a prime by Davenport, and then asymptotically for all q by Carlitz.
The primitive normal basis theorem was finally established for all q, n by Lenstra
and Schoof in 1988 [8] using a combination of character sums, sieving results
and a computer search. Using more complicated sieving techniques, Cohen
and Huczynska established the primitive normal basis theorem for all q and n
without the use of a computer in 2003.
Recently, Huczynska, et al [7] defined k-normal elements as generalizations
of normal elements. In [7], they showed multiple equivalent definitions, we pick
the most natural for this work.
Definition 1.1. Let α ∈ Fqn , then α is k-normal over Fq if its orbit under the
cyclic (Frobenius) Galois action spans a co-dimension k subspace of Fqn over
Fq; that is, if V = Span(α, α
q, . . . , αq
n−1
), then dimFq (V ) = n− k.
Under Definition 1.1, normal elements are 0-normal elements, and all ele-
ments of Fqn are k-normal for some 0 ≤ k ≤ n. Notice that it is important to
specify over which field subfield an element of Fqn is k-normal. If not otherwise
specified, when we say α ∈ Fqn is k-normal, we always assume it is k-normal
over Fq.
It can be shown (see Section 2) that there always exist 1-normal elements
of Fqn over Fq. In [7], using a similar methodology to Lenstra-Schoof, the
authors partially establish a primitive 1-normal element theorem; that is, the
existence of elements which simultaneously generate the multiplicative group of
a finite fields and whose Galois orbit is a spanning set of a (Frobenius-invariant)
hyperplane.
Theorem 1.2 ([7], Theorem 5.10). Let q = pe be a prime power and n a
positive integer not divisible by p. Assume that n ≥ 6 if q ≥ 11 and that n ≥ 3
if 3 ≤ q ≤ 9. Then there exists a primitive 1-normal element of Fqn over Fq.
This paper deals with completing Theorem 1.2 by covering the following
cases:
1. Including the cases n = 2, 3, 4, 5 for q ≥ 11.
2. Expanding Theorem 1.2 to include q = 2.
3. Removing the restriction where p ∤ n.
In Section 2 we present some of the necessary background for this paper.
In Section 3, we establish a general character sum estimate for the number of
elements in Fqn that are simultaneously primitive, g-free for some polynomial
g ∈ Fq[x] (whose definition will be established later) and having trace β for any
β laying in a subfield of Fqn over Fq. Many technical estimates for this character
sum are presented in the appendix. In Section 4 we complete Theorem 1.2 when
p ∤ n; our result is usually explicit, but in some problematic cases we can only
do so asymptotically. In Section 5 we similarly prove the existence of primitive
1-normal elements when p divides n.
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Our methods are largely analytic and rely on a number of estimations pre-
sented in Appendix A. In all cases, we find effective bounds for when our
analytic methods fail and in the remaining cases we find primitive 1-normal
elements by computer search. The pseudocode for the search is presented in
Appendix B.
We now give a succinct statement of the main result of this paper.
Theorem 1.3. (The Primitive 1-Normal Theorem) Let q be a prime power
and let n ≥ 3 be a positive integer. Then there exists a primitive 1-normal
element of Fqn over Fq. Furthermore, when n = 2 there is no primitive 1-
normal element of Fq2 over Fq.
2. Background material
2.1. Finite fields as Frobenius-modules
We follow the description of finite fields as Frobenius modules, as in [8].
Recall that the Frobenius q-automorphism σq : Fqn → Fqn is a Fq-linear map.
For any f(x) =
∑s
i=0 aix
i ∈ Fq[x], define
f ◦ α =
s∑
i=0
aiσ
i
q(α) =
s∑
i=0
aiα
qi ,
for any α in the algebraic closure of Fq. For any α ∈ Fqn , we observe that
(xn − 1) ◦ α = 0.
If f(x) =
∑n−1
i=0 aix
i, then define F (x) =
∑n−1
i=0 aix
qi . The polynomial F is
the linearized q-associate of f and f is the conventional q-associate of F . We
outline some of the nice properties of q-associate polynomials. For the remainder
of this section, lower-case polynomials represent conventional q-associates of
their linearized q-associate with corresponding capital letters.
Proposition 2.1. [9, Theorem 3.62]
1. The following are equivalent:
(a) H = F (G1), for some linearized polynomial G1 ∈ Fq[x].
(b) H = FG2, for some linearized polynomial G2 ∈ Fq[x].
(c) h = fg, for some g ∈ Fq[x].
2. Let h = f + g, then h ◦ α = f ◦ α+ g ◦ α.
3. Let h = fg, then H = F (G); hence (fg) ◦ α = F ◦ (g ◦ α) = F (G(α)).
Since (xn − 1) ◦ α = 0 for all α ∈ Fqn , we define the minimal polynomial
of α with respect to σq, denoted mσq ,α, to be the monic polynomial of minimal
degree for which mσq,α ◦α = 0. We note that this is well defined, since if m and
m′ are two such minimal polynomials, then (m−m′) ◦ α = m ◦ α−m′ ◦ α = 0,
but m−m′ has degree at most n− 1, contradicting the minimality of m and m′
unless m = m′.
We obtain the following vital proposition immediately from Proposition 2.1.
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Proposition 2.2. For all α ∈ Fqn , mσq,α(x) divides xn − 1.
Suppose mσq ,α has degree n − k for 0 < k < n, then mσq ,α is a non-trivial
divisor of xn − 1; moreover, if mσq ,α(x) =
∑n−1
i=0 aix
i, then 0 = mσq,α ◦ α =∑n−1
i=0 aiα
qi is a vanishing non-trivial linear combination of the Galois conjugates
of α; hence, α is not a normal element of Fqn over Fq. Moreover, by the
minimality of mσq ,α, α is not annihilated by any non-trivial linear combination
of {α, αq, . . . , αqn−k−1}, hence α is k-normal in Fqn over Fq. We summarize this
below.
Proposition 2.3. Any α ∈ Fqn is k-normal over Fq if and only ifmσq,α ∈ Fq[x],
the minimal polynomial of α under σq, has degree n− k.
We observe that xn−1 = (x−1)(1+x+ · · ·+xn−1) for any field. Moreover,
(1+ x+ · · ·+ xn−1) ◦α = α+αq + · · ·+αqn−1 = Trqn/q(α), where Trqn/q is the
trace map from Fqn to Fq.
Corollary 2.4. 1. We have α ∈ Fq if and only if mσq,α(x) = (x− 1).
2. Let Trqn/q(α) = 0, then α is not 0-normal.
Finally, we observe that every monic factor of xn − 1 of degree n − k does
indeed produce k-normal elements. In fact, the following theorem which also
appears in [9, Corollary 3.71] can be shown by a counting argument.
Theorem 2.5. Let f be a monic divisor of xn − 1. Then there exists α ∈ Fqn
for which f = mσq,α.
We now focus on 1-normal elements.
Corollary 2.6. Let n ≥ 2, then there exists a 1-normal element of Fqn over Fq
for all q.
Proof. As noted previously, xn−1 = (x−1)(1+x+ · · ·+xn−1) for all n ≥ 2.
We use Proposition 2.3 to give an exact count of the number of k-normal
elements of Fqn over Fq. First, we require the polynomial analogue of the Euler
totient function.
Definition 2.7. Let f(x) be a monic polynomial with coefficients in Fq. The
Euler Phi Function for polynomials over Fq is given by
Φq(f) =
∣∣∣∣
(
Fq[x]
〈f〉
)∗∣∣∣∣ ,
where 〈f〉 is the ideal generated by f(x) in Fq[x].
Finally, we present an interesting formula for the number of k-normal ele-
ments over finite fields:
Corollary 2.8 ([7], Theorem 3.5). The number Nk of k-normal elements of
Fqn over Fq is given by
Nk =
∑
h|xn−1
deg(h)=n−k
Φq(h), (1)
where the divisors are monic and polynomial division is over Fq.
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2.2. Characters, characteristic functions and Gauss sums
For the background on characteristic functions for our elements of inter-
est, we follow the treatment in [7], which is essentially the same as in [3] and
elsewhere.
Let F∗qn = 〈α〉 and for a fixed integer j with 0 ≤ d < n, define the map
ηd(α
k) = e
2piidk
qn−1 , k = 0, 1, . . . , n− 1.
The map ηd : is a multiplicative character of Fqn . Observe that ηd(α
s)ηd(α
t) =
ηd(α
s+t); hence, each ηd is a homomorphism F
∗
qn → C∗. Moreover, since
αq
n−1 = 1, we have ηd(α
k)q
n−1 = 1; hence, ηd maps to the unit circle in C.
Finally, since ηd(α
k) = η1(α
k)d for all d; and the set of multiplicative characters
of Fqn form a cyclic group of order q
n − 1 with identity element η0.
Let p be the characteristic of Fq and denote by χ1 the mapping χ1 : Fqn → C
by
χ1(α) = e
2piiTrq/p(α)
p α ∈ Fq.
The character χ1 is the canonical additive character of Fq. Moreover, the map-
ping χβ(α) = χ1(βα) for all α ∈ Fq is an additive character of Fq, and all
additive characters of Fq arise as χβ for some β.
Let Fqn be an extension of Fq with canonical additive character µ1. Then
µ1 and χ1 are related by transitivity of the trace function, namely
µ1(α) = χ1(Trqn/q(α)), α ∈ Fqn .
We call µ1 the lift of χ1 from Fq to Fqn , and will make use of this fact later.
2.2.1. On freeness
The notion of freeness follows from the Vinogradov formulas, as follows.
Definition 2.9. 1. Let d divide qn− 1, then α ∈ F∗qn is d-free if α = βm for
any divisor m of d implies d = 1.
2. Let m be a divisor of xn − 1, then α is m-free if α = h ◦ β for any divisor
h of m implies h = 1.
We use a re-characterization of free elements that can be found in [7, Propo-
sitions 5.2, 5.3], for example.
Proposition 2.10. 1. α ∈ F∗qn is d-free if and only if gcd(d, q
n−1
ord(α) ) = 1,
where ord(α) is the multiplicative order of α.
2. α ∈ Fqn is m-free if and only if gcd(m, xn−1mσq,α(x) ) = 1.
Intuitively, we can interpret an element α as β-free (in either multiplicative or
additive contexts) if its minimal annihilator in a sense contains all prime factors
of β. We can use Proposition 2.10 to show the utility of these characteristic
functions.
5
Corollary 2.11. 1. Let d = qn − 1, then α ∈ Fqn is d-free if and only if α
is primitive.
2. Let m = xn − 1, then α ∈ Fqn is m-free if and only if α is normal.
3. Let gcd(p, n) = 1, let m = x
n−1
x−ζ for some ζ ∈ Fq and let α ∈ Fqn be
m-free, then α is either 1-normal or 0-normal.
Proof. The first two assertions are obvious from Proposition 2.10, so we prove
only the final assertion. The condition gcd(p, n) = 1 gives that xn−1 has no re-
peated roots. Letmσq ,α be the minimal polynomial of α, then gcd(m,
xn−1
mσq,α
) = 1
implies that either x
n−1
mσq,α
= 1 or x − ζ; hence mσq ,α = xn − 1 or mσq,α = m,
respectively.
Let t be a positive divisor of qn − 1, let θ(t) = ϕtt and for w ∈ F∗qn let
ωt(w) = θ(t)
∑
d|t
µ(d)
ϕ(d)
∑
(d)
η(d)
︸ ︷︷ ︸
∫
d|t
η(d)
(w),
where µ is the Mo¨bius function, ϕ is the Euler totient function, χ(d) is a typical
multiplicative character of order d and the inner sum runs over all multiplicative
characters of order d.
Similarly, let T be a monic divisor of xn − 1, let Θ(T ) = Φ(T )
qdeg(t)
and for
w ∈ Fqn let
ΩT (w) = Θ(T )
∑
D|T
M(d)
Φ(D)
∑
(D)
χ(D)
︸ ︷︷ ︸
∫
D|T
χ(D)
(w),
whereM and Φ are the polynomial analogues of µ and ϕ and χ(D) is an additive
character for which D ◦ χ(D) = χ0 and D is minimal (in terms of degree) with
this property. Alternatively, we may write χ(D) = χδD , for some δD ∈ Fqn and
χδD (w) := χ(δD · w). In particular, D ◦ χ(D) = χ0 and D is minimal with this
property if and only if the minimal polynomial of δD with respect to σq is D(x).
For instance χx−1 runs through χc for c ∈ F∗q . Also, for D = 1, χ(D)(x) = χ0(x)
is the trivial additive character.
Theorem 2.12. [7, Section 5.2]
1. Let w ∈ F∗qn and let t be a positive divisor of qn − 1, then
ωt(w) = θ(t)
∫
d|t
η(d)(w) =
{
1 if w is t-free,
0 otherwise.
2. Let w ∈ Fqn and let T be a monic divisor of xn − 1, then
ΩT (w) = Θ(T )
∫
D|T
χ(D)(w) =
{
1 if w is T -free,
0 otherwise.
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From Theorem 2.12, if t = qn−1 and T = xn−1, then ωtΩT is the character-
istic function for elements w ∈ Fqn that are simultaneously primitive and normal
over Fq. If instead gcd(p, n) = 1 and T =
xn−1
x−1 , then by Corollary 2.11, ωtΩT
is a characteristic function for elements that are either primitive and normal, or
primitive with minimal polynomial mσq,w(x) =
xn−1
x−1 ; in the second case, these
are a subset of the primitive 1-normal elements. From Corollary 2.4, however,
we know that if x
n−1
x−1 ◦ w = Trqn/q(w) = 0, then w is not 0-normal; hence,
to prove existence of primitive 1-normals it is enough to prove the existence of
qn− 1-free, xn−1x−1 -free, trace-0 elements. To apply character sum arguments, we
require a further character sum for elements with prescribed trace.
2.2.2. Elements with prescribed trace
In [7], the authors require only a characteristic function for trace-0 elements
of Fqn over Fq, but in this work we will need a more general characteristic
function for elements whose subfield trace function takes any prescribed value.
It is well known that Fqn contains a subfield of order m if and only if m
divides n. Let
Tm,β(w) =
{
1 if Trqn/qm(w) = β,
0 otherwise.
We require a character sum for Tm,β.
Let λ be the canonical additive character of Fq with lifts λm and χ to Fqm and
Fqn , respectively; that is λm(w) = λ(Trqm/q(w)) and χ(w) = λ(Trqn/q(w)) =
λ(Trqm/q(Trqn/qm(w))) = λm(Trqn/qm(w)), by transitivity of trace.
Observe that Tm,β can be written
Tm,β(w) =
1
qm
∑
d∈Fqm
λm(d(Trqn/qm(w)− β)) =
1
qm
∑
d∈Fqm
λm(dTrqn/qm(w−α)),
where α ∈ Fqn is any element such that Trqn/qm(α) = β, since Trqn/qm(w) = β
implies λm(0) = 1 is counted q
m times, otherwise Trqn/qm(w−α) = β′ for some
β′ ∈ F∗qm and
∑
d∈Fqm
λm(dβ
′) = 0. Hence
Tm,β(w) =
1
qm
∑
d∈Fqm
χd(w − α) = 1
qm
∑
d∈Fqm
χd(w)χd(α)
−1.
2.2.3. Gauss sums
For any multiplicative character η and additive character χ, denote by
G(η, χ) the Gauss sum
G(η, χ) =
∑
w∈F∗
qn
η(w)χ(w).
Certainly, if χ = χ1 and η = η0, then G(η, χ) = q − 1. However, it is well
known that G(η, χ) is usually much smaller.
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Theorem 2.13. [9, Theorem 5.11] Let G(η, χ) =
∑
w∈F∗
qn
η(w)χ(w). Then,
G(η, χ) =


qn − 1 for η = η0 and χ = χ0,
−1 for η = η0 and χ 6= χ0,
0 for η 6= η0 and χ = χ0.
If both η 6= η0 and χ 6= χ0, then |G(η, χ)| = qn/2.
Throughout this paper we will always take Gauss sums
∑
w∈Fqn
η(w)χ(w)
including the element 0 and, for this reason, we extend the multiplicative char-
acters to 0: we set η0(0) = 1 and η(0) = 0 for any nontrivial multiplicative
character η. Therefore, our Gauss sums take the following values:
G(η, χ) :=
∑
w∈Fqn
η(w)χ(w) =


qn for η = η0 and χ = χ0,
0 for η = η0 and χ 6= χ0,
0 for η 6= η0 and χ = χ0.
As before, if both η 6= η0 and χ 6= χ0, then |G(η, χ)| = qn/2.
3. Existence of primitive, free elements with prescribed trace
In this section, we generalize the character sum argument for proving the
existence of primitive 1-normal elements from [7] by providing a character sum
expression for primitive 1-normal elements with prescribed trace in a subfield.
We use the expressions from Section 2.2, along with the estimations found in
Appendix A to prove our main results.
We highlight the following notation, which will become ubiquitous through-
out the rest of this document.
Definition 3.1. Let
W (t) =
{
the number of squarefree divisors of t if t ∈ Z,
the number of monic divisors of t if t ∈ Fq[x] is monic.
(2)
Moreover, let w(t) be the number of distinct prime divisors (or monic irreducible
divisors) of t so that W (t) = 2w(t). Finally, for t ∈ Z let d(t) be the number of
divisors of t so that d(t) ≥W (t).
Proposition 3.2. Let q be a power of a prime p and let Fqn ) Fqm ⊇ Fq, where
either m = 1 or m is a power of p. Also, let f(x) be a polynomial not divisible
by x−1 such that f(x) divides xn−1. Let N be the number of elements w ∈ Fqn
such that w is primitive, f -free over Fq and Trqn/qm(w) = β, where β ∈ Fqm .
If α is any element of Fqn such that Trqn/qm(α) = β and ac = χc(α)
−1, then
the following holds
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Nθ(qn − 1)Θ(f) =
1
qm

qn + ∑
c∈Fqm
ac
∫
d|qn−1
d 6=1
∫
D|f
D 6=1
G(ηd, χδD+c)
+
∑
c∈F∗
qm
ac
∫
d|qn−1
d 6=1
G(ηd, χc)

 . (3)
In particular, we have the following inequality:
N
θ(qn − 1)Θ(f) > q
n−m − qn/2W (qn − 1)W (f). (4)
Proof. Combining the characteristic functions for primitivity, f -freeness and
prescribed trace we obtain the following:
N =
θ(qn − 1)Θ(f)
qm
∑
c∈Fqm
∑
w∈Fqn
∫
d|qn−1
∫
D|f
χc(α)
−1χc(w)χδD (w)ηd(w),
hence
N
θ(qn − 1)Θ(f) =
1
qm
∑
c∈Fqm
ac
∫
d|qn−1
∫
D|f
G(ηd, χδD+c).
Now observe that, for each D dividing f(x), D is not divisible by x−1. Since
m = 1 or m is a power of p, δD ∈ Fqm if and only if D divides xm−1 = (x−1)m.
In particular, δD 6∈ Fqm unless D = 1 and thus δD = 0. Therefore δD + c 6= 0
unless D = 1 and c = 0. Our Gauss sums then take the following values:
G(ηd, χδD+c) =
{
qn if (D, d, c) = (1, 1, 0)
0 if d = 1 and (D, c) 6= (1, 0) or if d 6= 1 and (D, c) 6= (1, 0).
Otherwise, |G(ηd, χδD+c)| = qn/2.
Using the identities above we obtain Equation (3). We know that, in the
remaining Gauss sums in Equation (3), we have |G(η, χ)| = qn/2 and clearly
|ac| = 1. Applying these estimates to Equation (3) we obtain
N
θ(qn − 1)Θ(f) ≥ q
n−m − q
n/2
qm
(qm(W (qn − 1)− 1)(W (f)− 1)
+ (qm − 1)(W (qn − 1)− 1))
> qn−m − qn/2W (qn − 1)W (f).
In this paper, we focus on the case of primitive 1-normal elements. For the
particular case of 1-normal elements, if n ≥ 2, the number of 1-normal elements
of Fqn over Fq is at least equal to Φq(T ), where T =
xn−1
x−1 .
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4. A completion of Theorem 1.2 for the case gcd(n, p) = 1
From [7, Corollary 5.8], we can easily deduce the following:
Lemma 4.1. Suppose that q is a power of a prime p, n ≥ 2 is a positive integer
not divisible by p and T (x) = x
n−1
x−1 . If the pair (q, n) satisfies
W (T ) ·W (qn − 1) < qn/2−1, (5)
then there exist 1-normal elements of Fqn over Fq.
Inequality (5) is an essential step in the proof of Theorem 1.2 and it was
first studied in [4]. Under the condition that n ≥ 6 for q ≥ 11 and n ≥ 3 for
3 ≤ q ≤ 9, this inequality is not true only for a finite number of pairs (q, n).
Namely, we have the following.
Theorem 4.2. [4, Theorem 4.5] Let q and n be coprime, and assume that n ≥ 6
if q ≥ 11, and that n ≥ 3 if 3 ≤ q ≤ 6. The set of 34 pairs (q, n) that do not
satisfy Inequality (5) is
(4, 15), (13, 12), (7, 12), (11, 10), (4, 9), (9, 8), (5, 8), (3, 8), (8, 7), (121, 6), (61, 6),
(49, 6), (43, 6), (37, 6), (31, 6), (29, 6), (25, 6), (19, 6), (13, 6), (11, 6), (7, 6), (5, 6),
(9, 5)(4, 5), (3, 5), (9, 4), (7, 4), (5, 4), (3, 4), (8, 3), (7, 3), (5, 3), (4, 3).
4.1. The case q = 2
Lemma 4.3. Suppose that n 6= 15 is odd, q = 2 and T (x) = xn−1x−1 ∈ F2[x]. For
n > 9, Inequality (5) holds.
Proof. Notice that n+95 +
n
7 +2 <
n
2 − 1 for n ≥ 31. From Proposition A.1 and
Lemma A.3, it follows that Inequality (5) holds for odd n ≥ 31. The remaining
cases can be verified directly.
Theorem 4.4. Suppose that n ≥ 3 is odd. Then there exist a primitive 1-
normal element of F2n over F2.
Proof. According to Lemmas 4.1 and 4.3, this statement is true for n > 9
if n 6= 15. For the remaining cases n = 3, 5, 7, 9 and 15 we use the following
argument. Let P be the number of primitive elements of F2n andN1 the number
of 1-normal elements of F2n over F2; if P + N1 > 2
n, there exists a primitive
1-normal element of F2n over F2. Notice that P = ϕ(2
n − 1) and, according to
Lemma 2.8, N1 ≥ Φ2
(
xn−1
x−1
)
. By a direct calculation we see that
ϕ(2n − 1) + Φ2
(
xn − 1
x− 1
)
> 2n,
for n = 3, 5, 7, 9 and 15. This completes the proof.
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4.2. The case n ≤ 5.
Here we give direct proofs of existence or non-existence of primitive 1-normal
elements in Fqn over Fq for small degrees n ≤ 5. We also obtain some asymptotic
existence results. First we show that primitive 1-normal elements cannot exist
when n = 2, which also appears in [7, Section 6]. We present the short proof
here for completeness.
Lemma 4.5. Let n ≥ 2 be an integer. Then there does not exist a primitive
(n− 1)-normal element in Fqn over Fq.
Proof. Suppose α ∈ Fqn is (n−1)-normal over Fq, then αq = kα for some k ∈ Fq.
Hence, the order of α divides (q − 1)2, which is impossible for n ≥ 2.
Corollary 4.6. There do not exist primitive 1-normals in Fq2 over Fq.
Now we present a large family of degrees n for which there must exist primi-
tive 1-normal elements of Fqn over Fq. We observe that this result also appears
in [1], and we leave the short proof here for completeness.
Lemma 4.7. Let q be primitive modulo a prime n > 2, then there exists a
primitive 1-normal element in Fqn over Fq.
Proof. Since q is primitive modulo n and n is prime, xn − 1 = (x − 1)(xn−1 +
· · ·+ x + 1) is the complete factorization of xn − 1 into irreducibles. The only
possibilities for k-normality are k = 0, 1, n− 1, n. Since (n− 1)-normal elements
are not primitive, we have all primitive trace-0 elements in Fqn are primitive 1-
normal. The existence of such elements is guaranteed by [6]; see also Lemma 5.1,
below.
Corollary 4.8. 1. There exists a primitive 1-normal element of Fq3 over Fq.
2. If q ≡ 3 (mod 4), then there exists a primitive 1-normal element of Fq4
over Fq.
3. If q ≡ 2, 3 (mod 5), then there exists a primitive 1-normal element of Fq5
over Fq.
Proof. Let n = 3. By Lemma 4.5, there do not exist primitive 2-normal elements
in Fq3 . Hence all primitive, trace-zero elements are 1-normal. If q 6= 4, the
existence of primitive and trace-zero elements is guaranteed by [6]. For the case
q = 4 we can directly find a primitive 1-normal element in F43 .
Let n = 4, then xn − 1 = (x − 1)(x + 1)(x2 + 1) in any field. If q ≡ 3
(mod 4), then x2+1 is irreducible; hence 2-normal elements must be annihilated
by x2 − 1 or by x2 +1. In the first case, α lies in the subfield Fq2 , hence cannot
be primitive. In the second case, (x2+1)◦α = αq2 +α = 0 implies αq2−1 = −1,
and the order of α divides 2(q2− 1) < q4− 1. By Lemma 4.5, there do not exist
primitive 3-normal elements in Fq4 . Therefore all primitive, trace-zero elements
are 1-normal and, again, the existence of such elements is guaranteed by [6].
Let n = 5. If q ≡ 2, 3 (mod 5), then q is primitive (mod 5), and existence
is given by Lemma 4.7.
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Remark 4.9. We further comment on a statement in [7, Section 6], where
the authors state without proof that if q ≡ 1 (mod 4), then there do not exist
primitive (n − 2)-normal elements. We show here that this is not true. Let
f(x) = x5 − x − 2, a primitive polynomial over F5, and let f(α) = 0. It is
straightforward to check that mσq,α(x) = (x− 1)2, hence α is 3-normal.
The remaining cases after applying the direct methods of Lemmas 4.5 and
4.7 are:
1. n = 4, q ≡ 1 (mod 4),
2. n = 5, q ≡ ±1 (mod 5).
For these remaining cases, we proceed as follows: we try to obtain reasonable
large values of q for which Inequality (5) holds. For the remaining cases, we
verify directly the same inequality. Some exceptions arise and then we directly
verify the existence of a primitive 1-normal element by computer search. We
start with the following proposition.
Proposition 4.10. Let q be a power of a prime p. Then for n = 4 and q >
5.24 · 107 odd or n = 5 and q ≥ 217, Inequality (5) holds for the pair (q, n).
Proof. Recall that T = x
n−1
x−1 . We first consider the case n = 4. In particular,
W (T ) = 8 and q4 − 1 is divisible by 16 and then 8 ·W (q4 − 1) ≤ d(q4 − 1); that
is,
W (T )W (q4 − 1) ≤ d(q4 − 1). (6)
But, according to Lemma A.9,
d(q4 − 1) ≤ q 4.264log(log(q4−1)) < q = q4/2−1,
since log(log(q4 − 1)) > 4.264 for q > 5.24 · 107. This shows that the pair (q, n)
satisfies Inequality (5).
For n = 5 and q > 217, note that W (T ) ≤ 16, hence
W (T )W (q5 − 1) ≤ 16 ·W (q5 − 1).
According to Lemma A.7, we have the bound
16 ·W (q5 − 1) < q1.5 = q5/2−1, (7)
and then (q, n) satisfies Inequality (5).
For the case n = 4, q ≡ 1 (mod 4) and q ≤ 5.24 · 107 we verify directly that
Inequality (5) holds for all but 138 values of q, the greatest being q = 21, 013.
Using a Sage program [11], we explicitly find such primitive 1-normal elements
for these values of q.
For n = 5 and q ≡ ±1 (mod 5), we directly verify that 16 ·W (q5− 1) ≤ q1.5
for all 71 < q < 217. For q ≤ 71, this inequality does not hold for most q. For
2 ≤ q ≤ 71, we computeW (T ) (which is 4 or 16 according to q of the form 5k−1
or 5k+1, repectively) and verify that Inequality (5) holds with the exception of
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the cases q = 4, 9, 11, 16, 31, 61, 71. For these cases, using a Sage program [11],
we explicitly find primitive 1-normal elements.
The pseudocode for the explicit search for a primitive 1-normal element can
be found in Appendix B.
Combining Proposition 4.10 and these remarks, we obtain the following.
Corollary 4.11. Suppose q is a power of a prime p and n = 3, 4, 5 with
gcd(p, n) = 1. Then there exists a primitive 1-normal element of Fqn .
5. Existence results for primitive 1-normality when p divides n
In this section, we prove the existence of primitive 1-normal elements using
a variety of methods. In Section 5.1, we use an existence result about primitive
elements with prescribed trace in order to prove the existence of primitive 1-
normal elements of Fqn over Fq when n = p
2s, where p is the characteristic
of Fq. In Section 5.2, we use the estimations found in Appendix A to prove
the existence of primitive 1-normal elements of Fqn over Fq for n = ps with
gcd(p, s) = 1.
5.1. The case n = p2s
In this section we prove the existence of primitive 1-normal elements in Fqn
over Fq whenever p
2 divides n, where p is the characteristic of Fq. We begin
with a crucial lemma from [6].
Lemma 5.1. [6] If n ≥ 3 and (q, n) 6= (4, 3), then for every a ∈ Fq, there exists
a primitive element α ∈ Fqn such that Trqn/q(α) = a. Moreover, if n = 2 or
(q, n) = (4, 3), then, for every nonzero a ∈ Fq, there exists a primitive element
α ∈ Fqn such that Trqn/q(α) = a.
We now give a general result which characterizes 1-normal elements in Fqn
over Fq based on their corresponding 1-normal projections into the subfield Fqps .
Lemma 5.2. Suppose that Fq has characteristic p and let n = p
2s for any s ≥ 1.
Let x− ζ be a divisor of xn − 1, then α ∈ Fqn has minimal polynomial mσq,α =
xn−1
x−ζ if and only if β = Trqn/qps(α) has minimal polynomial mσq,β(x) =
xps−1
x−ζ .
Proof. We observe that if x − ζ is a divisor of xn − 1, then x − ζ is a factor of
xs − 1 and xps − 1 as well. Suppose mσq,α(x) = x
n−1
x−ζ =
xn−1
xps−1 · x
ps−1
x−ζ . Then
0 = mσq,α ◦ α = x
n−1
xps−1 ◦ β; hence, mσq ,β divides x
ps−1
x−ζ . Moreover, mσq,α(x)
clearly divides mσq,β(x)
xn−1
xps−1 , so
xps−1
x−ζ divides mσq,β .
Conversely, suppose that mσq,β(x) =
xps−1
x−ζ . Then mσq,α(x) divides
xn − 1
xps − 1 ·
xps − 1
x− ζ =
xn − 1
x− ζ .
Suppose thatmσq,α strictly divides
xn−1
x−ζ , then there exists some irreducible f(x)
dividing xn−1 such that mσq ,α divides x
n−1
f(x)(x−ζ) . However, x
n−1 = (xs−1)p2 ,
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hence f irreducible and x− ζ a repeated root of xn−1 implies that f(x) divides
xs − 1 and f(x)(x − ζ) divides xps − 1 = (xs − 1)p. Thus,
0 =
xn − 1
f(x)(x − ζ) ◦ α =
xps − 1
f(x)(x − ζ) ·
xn − 1
xps − 1 ◦ α =
xps − 1
f(x)(x − ζ) ◦ β,
contradicting mσq,β(x) =
xps−1
x−ζ .
In Lemma 5.2 we are, of course, primarily concerned with the case ζ = 1,
since x − 1 is a divisor of xn − 1 over any field. We now combine Lemmas 5.1
and 5.2 to yield the main result of this section.
Proposition 5.3. Suppose that Fq has characteristic p and that n is a positive
integer divisible by p2. Then there exists a primitive 1-normal element of Fqn
over Fq.
Proof. Let n = p2s = p · ps. Let β be an element with minimal polynomial
xps−1
x−1 6= 1. In particular, such a β is nonzero. Since p = n/ps ≥ 2, by
Lemma 5.1, there is a primitive element α ∈ Fqn with Trqn/qps(α) = β. Thus,
from Lemma 5.2, such an α is primitive 1-normal.
5.2. The case n = ps with gcd(s, p) = 1
Let n = ps with gcd(p, s) = 1. Then xn − 1 = (xs − 1)p. Moreover, observe
that
(
xs−1
x−1
)p
◦ α = xn−1xp−1 = Trqn/qp(α).
Proposition 5.4. Let T (x) = x
s−1
x−1 ; then α ∈ Fqn has minimal polynomial
xn−1
x−1 if and only if it is T -free and Trqn/qp(α) has minimal polynomial
xp−1
x−1 .
Proof. Suppose α is T -free as in the hypothesis and β = Trqn/qp(α) has minimal
polynomial mσ,β(x) =
xp−1
x−1 . Then,
xn − 1
x− 1 ◦ α =
xps − 1
x− 1 ◦ α = Trqn/q(α) = Trqp/q(Trqn/qp(α)) = Trqp/q(β) = 0,
since β is annihilated by x
p−1
x−1 . Since α is T -free, gcd(T,
xn−1
mσ,α(x)
) = 1; that is,
mσ,α(x) = (x − 1)d xn−1xp−1 for some 0 ≤ d ≤ p. The minimality of β gives that
d = p− 1; hence mσ,α(x) = xn−1x−1 .
The reverse assertion is straightforward from the minimality of x
n−1
x−1 .
The above proposition allows us to count a certain subset of 1-normal ele-
ments. We can use similar methods as Lenstra-Schoof to show existence. We
start with a version of Lemma 4.1 in the case when p divides n.
Lemma 5.5. Suppose that q is a power of a prime p and n = ps, where s ≥ 2 is
a positive integer not divisible by p. Set T (x) = x
s−1
x−1 . If the pair (q, s) satisfies
W (T ) ·W (qps − 1) ≤ qp( s2−1), (8)
then there exist 1-normal elements of Fqn over Fq.
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Proof. Combining Propositions 3.2 and 5.4 with n = ps, m = p and f(x) =
T (x) = x
s−1
x−1 , if there is no primitive 1-normal element in Fqn , then
0 =
N
θ(qn − 1)Θ(T ) > q
p(s−1) − q ps2 W (qps − 1)W (T ),
and hence
qp(
s
2−1) < W (qps − 1)W (T ).
This is a contradiction with our assumptions.
We note that this criterion does not include the case s = 1 and, for s = 2,
is worthless. Using different combinatorial arguments we will see how to obtain
the desired result for s = 1, 2. First, we deal with the cases s ≥ 3.
5.2.1. Cases n = ps with 3 ≤ s ≤ 5.
Proposition 5.6. Suppose that q is a power of a prime p. For n = ps, where
either s = 3 and p ≥ 29 or s = 4, 5 and p ≥ 11, the pair (q, s) satisfies Inequality
(8).
Proof. Notice that T (x) = x
s−1
x−1 has degree s−1, hence W (T ) ≤ 2s−1 = q
s logq 2
2 .
According to Proposition A.8, for p ≥ 11 we have
W
(
qps − 1
qs − 1
)
< q
s(p−1)
2+log2 p .
We have the trivial bound W (qs − 1) ≤ d(qs − 1) ≤ 2q s2 and then
W (qps − 1)W (T ) < q
s(p−1)
2+log2 p
+ s2+s logq 2 ≤ q
s(p−1)
2+log2 p
+ s2+s logp 2,
since q ≥ p. Therefore, if
p
(s
2
− 1
)
≥ s(p− 1)
2 + log2 p
+
s
2
+ s · log 2
log p
,
then (q, s) satisfies Inequality (8). An easy calculation shows that the latter
holds if either s = 3 and p ≥ 29 or s = 4, 5 and p ≥ 11.
When s = 3, 4, 5 and for small values of p, our methods for studying inequal-
ity (8) are too coarse. We now use a different generic bound for W (qn− 1) that
is good for large q.
Proposition 5.7. Let q be a power of a prime p, n = ps, where s = 3, 4, 5
and gcd(p, s) = 1. Additionally, suppose that p ≤ 23 if s = 3 and p ≤ 7 if
s = 4, 5. There exists a constant Cp,s such that for any q = p
t with t > Cp,s, the
pair (q, s) satisfies Inequality (8). Moreover, given p and s, their corresponding
explicit constant Cp,s which is an upper bound for which Inequality (8) may not
hold is given in the following table.
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p 2 3 5 7 11 13 17 19 23
s = 3 162 – 28 16 8 6 4 4 3
s = 4 – 8 3 2 – – – – –
s = 5 10 4 – 1 – – – – –
Proof. From Lemma A.9, we obtain d(qps − 1) < q 1.066pslog log(qps−1) and clearly we
have W (qps − 1) ≤ d(qps − 1). Recall that W (T ) ≤ 2s−1 ≤ qs logq 22 and then
W (T )W (qps − 1) < q 1.066pslog log(qps−1)+s logq 2.
Hence, if
s logq 2 +
1.066ps
log log(qps − 1) < p
(s
2
− 1
)
,
Inequality (8) holds. But, writing q = pt, the last inequality is equivalent to
log 2
pt log p
+
1.066
log log(ppts − 1) <
1
2
− 1
s
. (9)
It is not hard to see that the left side of Inequality (9) is a decreasing
function in t. In particular, for fixed p and s, if t0 = Cp,s is the greatest positive
integer value of t such that the Inequality (9) is false, then for any q = pt with
t > Cp,s, the pair (q, s) satisfies Inequality (8). By a direct calculation, we find
the integers Cp,s.
Remark 5.8. For the values of (q = pt, s) which are not covered by Inequal-
ity (9), we use Cunningham tables [2] to obtain the factorization of qps− 1 and
find the following genuine exceptions to Inequality (8).
p = 2 p = 3 p = 5
s = 3 t = 1, 2, 3, 4, 5, 6, 7, 8, 10, 12 t = 1, 2
s = 4 t = 1, 2
s = 5 t = 1, 2, 3 t = 1
For these remaining cases, we find a primitive 1-normal element by direct search;
see Appendix B.
Corollary 5.9. Suppose that q is a power of a prime p, let n = ps with s =
3, 4, 5 and gcd(p, s) = 1, then there exists a primitive 1-normal element in Fqn
over Fq.
5.2.2. Cases n = ps, s ≥ 6.
Proposition 5.10. Suppose that q is a power of a prime p and n = ps, where
gcd(p, s) = 1 and s ≥ 6. With the exception of the case (q, s) = (2, 15), the pair
(q, s) satisfies Inequality (8).
Proof. Suppose, by contradiction, that (q, s) does not satisfy Inequality (8).
Hence
W (T ) ·W (qps − 1) > qp( s2−1). (10)
We divide the proof in cases depending on the value of q.
16
Case 1.: q odd. Since 2+ log2 p > 3 for any odd prime p, from items 1 and 2 of
Proposition A.8,
W
(
qps − 1
qs − 1
)
≤ q (p−1)s3 ,
for any s ≥ 6 such that gcd(s, p) = 1. Excluding the pairs in Theorem 4.2, for
s ≥ 6 and q ≥ 3
W (T )W (qs − 1) < q s2−1.
Since W (qps − 1) ≤W (qs − 1)W
(
qps−1
qs−1
)
, we conclude that
W (T )W (qps − 1) < q (p−1)s3 + s2−1.
Therefore, from Inequality (10) we obtain
p
(s
2
− 1
)
<
s(p− 1)
3
+
s
2
− 1,
hence s < 6, a contradiction with s ≥ 6.
For the 19 pairs in Theorem 4.2 satisfying q ≥ 3 odd and s ≥ 6, we directly
verify Inequality (8) either by direct computation or using the bound
W (qps − 1) < q pslog(log(qps−1)) .
Case 2. q even, q ≥ 8. Since s is odd, we have s ≥ 7. First, suppose that either
s ≥ 11 or q ≥ 32. Therefore, according to Lemma A.10, we have
W (qs + 1) < q0.352(s+0.05).
Under the assumption s ≥ 11 or q ≥ 32 even, from Theorem 4.2, we know that
W (T )W (qs − 1) < q s2−1.
Since W (q2s − 1) = W (qs − 1)W (qs + 1), combining these inequalities and
Inequality (10) we obtain
s
2
− 1 + 0.352(s+ 0.05) > s− 2,
and then s < 7, a contradiction.
For the remaining cases (q, n) = (8, 7), (8, 9), (16, 7) and (16, 9) we verify
directly that Inequality (8) is satisfied.
Case 3. q = 4. First, suppose that s ≥ 15 is odd. Hence 2s + 1 ≤ 2s+0.05 and
1.1
log log(2s+1) < 0.428. Therefore, from Lemma A.9 we have
W (2s + 1) ≤ d(2s + 1) < (2s + 1) 1.1log log(2s+1) < 20.428(s+0.05) = 40.214(s+0.05).
According to Lemmas A.2, A.3 and A.10, for s ≥ 19 odd we have W (T ) ≤
4
s+9
6 , W (2s − 1) < 4 s14+1 and W (4s + 1) < 4 s4.05 , respectively.
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Since W (22s − 1) = W (2s + 1)W (2s − 1), we combine all the previous in-
equalities and obtain
W (T )W (42s − 1) < 40.6991s+2.5107,
for s ≥ 19. Therefore, from Inequality (10) we obtain
0.6991s+ 2.5107 > s− 2
hence s ≤ 14, a contradiction with s ≥ 15. For the remaining cases s =
7, 9, 11, 13 we verify directly that Inequality (8) is satisfied.
Case 4. q = 2. First, suppose that s ≥ 24. Hence 2s + 1 < 2s+1 and
1.1
log log(2s+1) < 0.392 and then, according to Lemma A.9
W (2s + 1) ≤ d(2s + 1) < (2s + 1) 1.1log log(2s+1) < 20.392(s+1).
Also, from Lemma A.3 we have W (2s − 1) < 2 s7+2 and, from Lemma A.1,
we have W (T ) ≤ 2 s+95 . Combining these inequalities with Inequality (10) we
obtain:
12s+ 133
35
+ 0.392(s+ 1) > s− 2,
hence s < 24, a contradiction. For the remaining cases 7 ≤ s ≤ 23 odd we
verify directly that, with the exception of the case s = 15, Inequality (8) is
satisfied.
For the excpetional case q = 2 and s = 15, we directly find a primitive 1-
normal element of Fqn = Fq30 using the program in Appendix B. In particular,
from Corollaries 5.9 and 5.10, we obtain the following.
Theorem 5.11. Suppose that n = ps, where s ≥ 3 and gcd(p, s) = 1. Then
there exists a primitive 1-normal element of Fqn .
5.3. Cases n = p and n = 2p
Here we study the existence of primitive 1-normals in the case n = p or
n = 2p, where p is odd; we combine estimations that we have used in the
previous cases with some combinatorial arguments. We summarize the results
in the following.
Proposition 5.12. 1. For n = p, if there is no primitive 1-normal element
of Fqn over Fq, then
qp−2
θ(qp − 1) ≥ q
p−1 − qp/2W (qp − 1), (11)
which is violated except for q = p = 5.
2. For n = 2p, if there is no primitive 1-normal element of Fqn over Fq, then
q2p−1
(q − 1) · θ(q2p − 1) ≥ q
2p−1 − 2qpW (q2p − 1), (12)
which is violated except for q = p = 3.
Proof. We split the proof into cases
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Case n = p. For the case p = n = 3, we have already shown the existence of
primitive 1-normals in degree 3 extensions in Corollary 4.8. Suppose now that
p ≥ 5.
For any β ∈ Fqp such that Trqp/q(β) = 0, mσ,β(x) = (x − 1)d for some
0 ≤ d ≤ p − 1. Moreover, an element β ∈ Fqp is 1-normal over Fq if and only
if mσ,β(x) = (x − 1)p−1. Hence, if there is no primitive 1-normal element, any
primitive element β ∈ Fqp of trace zero satisfies (x− 1)p−2 ◦β = 0. Therefore, if
N denotes the number of primitive elements of trace zero in Fq, we would have
N ≤ qp−2. But, according to Equation (4) of Proposition 3.2 with n = p,m = 1
and f(x) = 1, we have Inequality (11):
qp−2
θ(qp − 1) ≥
N
θ(qp − 1) ≥ q
p−1 − qp/2W (qp − 1).
Since q is a power of p, q
p−1
q−1 and q − 1 are coprime, hence W (qp − 1) =
W
(
qp−1
q−1
)
W (q − 1). We have the trivial bound W (q − 1) ≤ d(q − 1) < 2q1/2
and, according to Proposition A.8, for p ≥ 5 (with the exception of q = 5) the
following holds
W
(
qp − 1
q − 1
)
≤ q p−12+log2 p ≤ q p−12+log2 5 < q p−14.3 ,
hence W (qp − 1) ≤ 2 · q 2p+2.38.6 . Therefore, from Inequalities (11) and (A.1) we
have the following:
3.6 log q · qp−2 ≥ N
θ(qp − 1) > q
p−1 − qp/2W (qp − 1) ≥ qp−1 − 2q 6.3p+2.38.6 ,
hence
3.6 log q > q − 2q 19.5−2.3p8.6 . (13)
If p = 5, we get
q − 2q 44.3 < 3.6 log q,
which is true only if q = 5t with t ≤ 6.
If p = 7, we get
q − 2q 1.74.3 < 3.6 log q,
which is true only if q = 7.
If p ≥ 11, we have q−2q 19.5−2.3p8.6 > q−2 and from Inequality (13) we conclude
that
q − 2 < 3.6 log q,
which is true only for q < 11, a contradiction with q ≥ p ≥ 11.
For the remaining cases q = 5t, t = 1, · · · , 6 and p = q = 7 we go back to
Inequality (11); by a direct verification we see that, with the exception of the
case q = 5 and t = 1, Inequality (11) does not hold.
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Case: n = 2p. Notice that any element α ∈ Fq2p which is (x + 1)-free over Fq
and has trace zero satisfies mσ,α(x) = (x− 1)d(x+ 1)p for some 0 ≤ d ≤ p− 1.
Also, notice an (x + 1)-free element is 1-normal if and only if mσ,α(x) = (x −
1)p−1(x + 1)p. Hence, if there is no primitive 1-normal element, any primitive
element β ∈ Fq2p of trace-0 and (x+1)-free satisfies (x+1)p(x− 1)p−2 ◦ β = 0.
Therefore, if N denotes the number of primitive elements of trace zero and
(x + 1)-free in Fq, we have N ≤ q2p−2. But, according to Equation (4) of
Proposition 3.2 with n = 2p,m = 1 and f(x) = x+ 1, we have Inequality (12):
q2p−1
(q − 1) · θ(q2p − 1) ≥
N
θ(q2p − 1)Θ(x+ 1) ≥ q
2p−1 − 2qpW (q2p − 1).
Since q is a power of p, q
2p−1
q2−1 and q
2 − 1 are coprime, hence W (q2p − 1) =
W
(
q2p−1
q2−1
)
W (q2 − 1). Also, since q is odd, q2 ≡ 1 (mod 8) and we have the
trivial bound
W (q2 − 1) ≤ 2W
(
q2 − 1
8
)
≤ 2 · d
(
q2 − 1
8
)
≤
√
2q.
We first consider the case p = 3: according to Proposition A.8, for q ≥ 35,
the following holds
W
(
q6 − 1
q2 − 1
)
< q0.92,
hence W (q6 − 1) < √2q1.92. According to Inequality (A.1), we have
1
θ(q6 − 1) < 3.6 log q + 1.25
Therefore, from Inequality (12), we obtain
(3.6 log q + 1.25)
q5
q − 1 > q
5 − 2
√
2q4.92,
hence
(3.6 log q + 1.25)
q
q − 1 > q − 2
√
2q0.92,
and this is only true for q = 3t with t ≤ 11.
For p ≥ 5, according to Proposition A.8, the following holds
W
(
q2p − 1
q2 − 1
)
≤ q
2(p−1)
2+log2 p ≤ q
2(p−1)
2+log2 5 < q
2(p−1)
4.3 ,
hence W (q2p − 1) < √2q 2p+2.34.3 .
According to Inequality (A.1) with p ≥ 5, we have
1
θ(q2p − 1) < 3.6 log q + 1.25.
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Therefore, from Inequality (12) we obtain
(3.6 log q + 1.25)
q2p−1
q − 1 ≥ q
2p−1 − 2
√
2q
6.3p+2.3
4.3 ,
hence
(3.6 log q + 1.25)
q
q − 1 ≥ q − 2
√
2q
10.9−2.3p
4.3 ≥ q − 2
√
2q
−0.6
4.3 .
A simple verification shows that this is only true for q ≤ 13.
For the remaining cases q = 3t for t ≤ 11 and q = 5, 7, 11, 13 we go back to
Inequality (12); by a direct verification we see that, with the exception of the
case q = 3 and t = 1, Inequality (12) does not hold.
Proposition 5.12 shows that there exists a primitive 1-normal element of Fqn
over Fq when n = p or n = 2p, p odd, and excludes the cases
1. p = q = 5, n = p;
2. q = p = 3, n = 2p.
For these two cases, we directly find a primitive 1-normal element of Fqn over
Fq by the program in Appendix B.
Corollary 5.13. Suppose that q is a power of an odd prime p. For n = p or
n = 2p, there exists a primitive 1-normal element of Fqn over Fq.
We further recall from Lemma 4.5 that there cannot exist a primitive 1-
normal for n = p = 2, and the case n = 2p = 4 = p2 is covered by Proposi-
tion 5.3.
6. Conclusion
We recall the main result of this paper.
Theorem 1.3. (The Primitive 1-Normal Theorem) Let q be a prime power
and let n ≥ 3 be a positive integer. Then there exists a primitive 1-normal
element of Fqn over Fq. Furthermore, when n = 2 there is no primitive 1-
normal element of Fq2 over Fq.
Theorem 1.3 provides a complete answer to [7, Problem 6.2]. The methods
here follow along a similar path to [7], but rely on a variety of technical reduc-
tions and further estimations provided in Appendix A. When the estimations
are not powerful enough to give a complete solution, we turn to direct calcula-
tions and computer searches using the Sage computer algebra system [11]; see
Appendix B.
When n − 2 ≥ k ≥ 1, k-normal elements of Fqn over Fq may not exist.
Determining the values of k for which k-normal elements of Fqn over Fq do exist
requires knowledge of the irreducible factorization of xn − 1. On one extreme,
when n is prime and q is primitive modulo n, then k = 0, 1, n− 1, n are the only
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values for which there exist k-normal elements of Fqn over Fq, and in this case
primitive k-normals exist if and only if k = 0, 1. On the other extreme, if n is
a power of the characteristic p = char(Fq), it can be shown (for example, using
primary decompositions) that k-normal elements exist for all 0 ≤ k ≤ n, and
it is unknown whether primitive k-normals exist for 2 ≤ k ≤ n − 2. Problem
6.3 of [7] asks for a complete solution for which q, k, n there exists primitive
k-normal elements of Fqn over Fq.
We remark that k-normality is an additive analogy to multiplicative order of
a finite field element. A similar analysis as the in this paper could be performed
for when an element is simultaneously k-normal (say, for k = 0, 1) and has
“high-order”; for example, if its order is (qn − 1)/p1, where p1 is the largest
prime dividing qn − 1. This is Problem 6.4 of [7]. Of course, it is possible (for
Mersenne primes) that 2n−1 is itself prime, hence yields no prime factors other
than itself.
Recognizing restrictions such as noted above, determining the existence of el-
ements of various k-normality and orders may provide interesting analytic work,
but these questions are somewhat less natural as they do not apply universally
for all finite fields.
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A. Appendix: Estimations for W (qn − 1) and W
(
x
n
−1
x−1
)
In this Appendix, we present a number of general estimations which we will
use to bound the quantities W (qn − 1) and W (f) appearing in Equation (4).
When no number theoretic argument can be effective to bound the number
W (qn − 1), we just use the bound W (qn − 1) ≤ d(qn − 1), where d(m) denotes
the number of divisors of m; frequently we use the bound d(m) < 2
√
m and, as
we will see, we have a better estimation for m large.
We start with some estimations in even characteristic.
Lemma A.1. Suppose that n ≥ 3 is odd and T (x) := xn−1x−1 ∈ F2[x]. Then
W (T ) ≤ 2n+95 .
Proof. For each 2 ≤ i ≤ 4, let si be the number of irreducible factors of degree i
dividing T (x). Since n is odd, T (x) has no linear factor. By a direct verification
we see that the number of irreducible polynomials over F2 of degrees 2, 3 and 4
are 1, 2 and 3, respectively. Hence s2 ≤ 1, s3 ≤ 2 and s4 ≤ 3. In particular, the
number of irreducible factors of T (x) over F2 is at most
n− 1− 2s2 − 3s3 − 4s4
5
+ s2 + s3 + s4 =
n− 1 + 3s2 + 2s3 + s4
5
.
Since n−1+3s2+2s3+s45 ≤ n−1+3+4+35 = n+95 , we conclude the proof.
Lemma A.2. Suppose that n ≥ 3 is odd and T (x) := xn−1x−1 ∈ F4[x]. Then
W (T ) ≤ 2n+93 .
Proof. For i = 1, 2, let si be the number of irreducible factors of degree i
dividing T (x). Since n is odd, T (x) has no repeated irreducible factors and it is
not divisible by x−1. Clearly T (x) is not divisible by x. By a direct verification
we see that the number of irreducible polynomials over F4 of degrees 1 (different
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from x, x−1) and 2 are 2 and 6, respectively. Hence s1 ≤ 2, s2 ≤ 6. In particular,
the number of irreducible factors of T (x) over F4 is at most
n− 1− s1 − 2s2
3
+ s1 + s2 =
n− 1 + 2s1 + s2
3
.
Since n−1+2s1+s23 ≤ n−1+4+63 = n+93 , we conclude the proof.
Lemma A.3. [5, Lemma 7.5] Suppose that n is an odd number. Then
W (2n − 1) < 2n7 +2.
We now introduce some results in arbitrary characteristic.
Lemma A.4. Suppose that q is a power of a prime p, where p ≥ 5 or p = 3
and q ≥ 27. For s ≥ 1, we have
θ(qps − 1)−1 = q
ps − 1
ϕ(qps − 1) < 3.6 log q + 1.8 log s. (A.1)
Proof. It is well known that
n
ϕ(n)
≤ eγ log logn+ 3
log logn
,
for all n ≥ 3, where γ is the Euler constant and 1.7 < eγ < 1.8. Also, since
ex ≥ 1+ x for any x ≥ 0, we have log log q ≤ log q− 1. Hence log log(qps − 1) <
log s+ log p+ log log q ≤ log s+ 2 log q − 1.
By the hypothesis, log log(qps−1) ≥ min{log log(55−1), log log(273−1)} > 2,
hence 3log log(qps−1) ≤ 1.5 and so we get the following:
θ(qps − 1)−1 ≤ 1.8(log s+ 2 log q − 1) + 1.5 < 3.6 log q + 1.8 log s.
Lemma A.5. Let q be a power of an odd prime p and s a positive integer such
that gcd(p, s) = 1. Then any prime divisor r of q
ps−1
qs−1 satisfies r ≡ 1 (mod 2p).
Proof. First, notice that
gcd
(
qps − 1
qs − 1 , q
s − 1
)
= gcd(p, qs − 1) = 1.
Let r be any prime divisor of q
ps−1
qs−1 . In particular, r divides q
ps − 1 and does
not divide qs − 1. Hence, if l = ordrq we know that l divides ps but does not
divide s and then it follows that l is divisible by p. We know that l divides
ϕ(r) = r − 1 and then p divides r − 1. Therefore r − 1 = dp for some positive
integer d. But, since p ≥ 3 is odd, we have r > 2 and then r is an odd prime
number. Thus d is even and then r ≡ 1 (mod 2p).
In a similar proof of the previous Lemma, we also obtain the following.
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Lemma A.6. Let q be a power of a prime p. Then any prime r dividing q
5−1
q−1
such that r does not divide q − 1, satisfies r ≡ 1 (mod 10).
Lemmas A.5 and A.6 show that the primes dividing the numbers q
a−1
q−1
(for specific values of a) are not too small. In particular, we can obtain effective
bounds for expressions of the formW
(
qa−1
q−1
)
. We exemplify this in the following
two results.
Lemma A.7. Let q be a power of a prime such that q ≥ 217. Then
16 ·W (q5 − 1) < q1.5.
Proof. Let q0 be the greatest divisor of
q5−1
q−1 that is relatively prime to q − 1.
ClearlyW (q5−1) ≤W (q0)W (q−1) and q0 ≤ q
5−1
q−1 = q
4+q3+q2+q+1 < 1.01q4
for q ≥ 217.
Let r1 < r2 < · · · < rd be the list of distinct primes dividing q0. From
Lemma A.6 we know that ri ≥ 10i+ 1, hence
q0 ≥ r1 · · · rd ≥ 10d · d! + 1 > 10d · d!.
We first suppose that d ≥ 13. It follows from induction that, for d ≥ 13, the
inequality d! ≥ 1.01 · 22.5d holds and we get
q4 >
q0
1.01
>
10d · d!
1.01
≥ (10 · 22.5)d > 25.82d,
hence W (q0) = 2
d < q
4
5.82 < q0.69. We have the trivial bound W (q − 1) ≤ 2√q
and then
16 ·W (q5 − 1) ≤ 16 ·W (q0)W (q − 1) < 32 · q1.19 < q1.5,
since q ≥ 217. For d ≤ 12, we have W (q0) ≤ 212 and, since W (q− 1) ≤ 2√q, we
get
16 ·W (q5 − 1) ≤ 16 ·W (q0)W (q − 1) ≤ 217 · √q ≤ q1.5,
since q ≥ 217.
We use some similar ideas from the proof of the previous Lemma and obtain
general effective bounds for quantities W
(
qa−1
q−1
)
.
Proposition A.8. Let q be a power of an odd prime p and s be a positive
integer such that gcd(p, s) = 1.
1. If p ≥ 5, with the exception of the case (p, q, s) = (5, 5, 1), the following
holds
W
(
qps − 1
qs − 1
)
≤ q (p−1)s2+log2 p .
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2. For s ≥ 6 and gcd(s, 3) = 1,
W
(
33s − 1
3s − 1
)
≤ 3 2s3 .
3. For p = 3 and q ≥ 35,
W
(
q6 − 1
q2 − 1
)
≤ q0.92.
Proof. We analyze the items in the statement by cases.
Case 1. q ≥ 5. Let r1 < · · · < rd be the list of primes dividing q
ps−1
qs−1 . It follows
from Lemma A.5 that ri ≥ 2ip+ 1 > 2ip. Hence,
qps − 1
qs − 1 ≥ r1 . . . rd > d!2
dpd. (A.2)
We divide in two cases.
Case 1a. d ≤ 3. In this case, W
(
qps−1
qs−1
)
≤ 8.
If p = 5 we have
q
(5−1)s
2+log2 5 > q0.92s > 8
with the exception of the case q = 5, s = 1.
If p ≥ 7, note that f(x) = x−12+log2 x is an increasing function for x ≥ 2. Since
f(7) > 1.24 we have
q
(p−1)s
2+log2 p > q1.24s > 8
for all q a power of a prime p ≥ 7.
Case 1b. d ≥ 4. In this case, it follows by induction that d! ≥ 32 · 2d. From
Inequality (A.2) we obtain the following:
qps − 1
qs − 1 >
3
2
(4p)d =
3
2
· 2d(2+log2 p).
To finish the proof, just notice that W
(
qps−1
qs−1
)
= 2d and
qps − 1
qs − 1 = q
(p−1)s +
q(p−1)s − 1
qs − 1 ≤ q
(p−1)s + 2q(p−2)s ≤ 3
2
q(p−1)s,
for q ≥ 5.
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Case 2. s ≥ 6 and gcd(s, 3) = 1. Suppose that W
(
33s−1
3s−1
)
= 2d. Similarly as
before, we obtain
33s − 1
3s − 1 ≥ r1 . . . rd > 6
d · d!. (A.3)
If d ≤ 6, we have W
(
33s−1
3s−1
)
≤ 64 < 81 ≤ 3 2s3 for s ≥ 6. For d ≥ 7, it
follows by induction that d! >
(
10
3
)d
and 20d > 2 · 23d. Hence, from Inequality
(A.3) we obtain
2 · 23d < 20d = 6d ·
(
10
3
)d
< 6d · d! < 3
3s − 1
3s − 1 .
To finish the proof, just notice that 3
3s−1
3s−1 < 2 · 32s.
Case 3. p = 3 and q ≥ 35. Suppose that W
(
q6−1
q2−1
)
= 2d. If d ≤ 7, we have
W
(
q6−1
q2−1
)
≤ 128 < 2430.92 ≤ q0.92. For d ≥ 8, it follows by induction that
d! > 10081 (3.5)
d. Also, notice that
q6 − 1
q2 − 1 = q
4 + q2 + 1 < q4(1 + q−2)2 <
100
81
q4,
since q > 9. Similarly to before, we obtain
6d · d! < q
6 − 1
q2 − 1 .
By a simple calculation we conclude that, for d ≥ 8 we have
100
81
21d ≤ 100
81
q4,
hence 2d ≤ q 4log2 21 < q0.92 and we are done.
We finally present a general (but not sharp) bound for the number d(m),
which is fair for sufficiently large m.
Lemma A.9. If d(m) denotes the number of divisors of m, then for all m ≥ 3,
d(m) ≤ m 1.5379 log 2log logm < m 1.066log logm < m 1.1log logm .
Proof. This inequality is a direct consequence of the result in [10].
Combining Lemma A.9 and some previous ideas, we find general bounds
for the numbers W (qs + 1) in the case that q is even.
Lemma A.10. 1. Suppose that q ≥ 8 is a power of two and s ≥ 7 is odd.
If either s ≥ 11 or q ≥ 32 we have
W (qs + 1) < q0.352(s+0.05).
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2. For s ≥ 17 odd,
W (4s + 1) < 4
s
4.05 .
Proof. 1. Clearly W (qs + 1) < d(qs + 1) and, according to Lemma A.9, we
have d(qs + 1) < (qs + 1)
1.1
log log(qs+1) . Note that, since q ≥ 8 and s ≥ 7, it
follows that q0.05 > 1.1 > 1+ 1qs and then q
s +1 < qs+0.05. Also, if either
s ≥ 11 or q ≥ 32, under our conditions we have
qs + 1 ≥ min{811 + 1, 327 + 1} = 233 + 1.
To finish the proof, just notice that 1.1log log(233+1) < 0.352.
2. Let r be any prime divisor of 4s + 1. Hence 22s ≡ −1 (mod r) and, in
particular, −1 is a quadratic residue (mod r) and then r ≡ 1 (mod 4).
Let p1 < · · · < pd be the prime divisors of 4s + 1. In particular, we have
proved that pi ≥ 4i+ 1. Hence
4s + 1 ≥ p1 . . . pd ≥ 4d · d! + 1.
Notice that if d ≤ 8, then W (4s+1) ≤ 256 = 44 < 4 s4.05 since s ≥ 17. For
d ≥ 9, it follows by induction that d! > 22.05d and then
4s ≥ 4d · d! > 24.05·d.
To finish the proof, note that W (4s + 1) = 2d < 4
s
4.05 .
B. Appendix: Pseudocode for search for primitive 1-normals
Algorithm 1 presents a search routine for primitive 1-normal elements of Fqn
over Fq. It relies on the original characterization of k-normal elements from [7].
Theorem B.1. Let α ∈ Fqn and let gα(x) =
∑n−1
i=0 α
qixn−1−i ∈ Fqn [x]. Then
gcd(xn − 1, gα(x)) has degree k if and only if α is a k-normal element of Fqn
over Fq.
Algorithm 1 proceeds as follows. Let Fqn ∼= Fq[x]/(f) with f a primitive
polynomial, and let g be a root of f . Hence, 〈g〉 = F∗qn and gi is primitive if
and only if gcd(i, qn− 1) = 1. For each primitive element, check its k-normality
using Theorem B.1. If k = 1, then the resulting element is primitive 1-normal
and is returned. The algorithm returns “Fail” if no primitive 1-normal is found
after qn − 2 iterations; that is, if all of Fqn is traversed.
We implemented Algorithm 1 with the Sage computer algebra system [11].
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Algorithm 1 Pseudocode for primitive 1-normal element search algorithm
Input: positive integers q, n
Returns: primitive 1-normal element: elt ∈ Fqn ; otherwise “Fail”
mult order← qn − 1
g ← generator(F∗qn)
cyclo← xn − 1 ∈ Fqn [x]
function check k normal(v) ⊲ See Theorem B.1
gv(x)← vxn−1 + vqxn−2 + · · ·+ vqn−1
k ← deg(gcd(gv, cyclo))
return k
end function
i← 1
while True do
if i is mult order then ⊲ No primitive 1-normals found in Fqn
return “Fail”
end if
if gcd(i,mult order) 6= 1 then ⊲ Only check primitive elements
i← i+ 1
continue
end if
elt← gi
k ← check k normal(elt)
if k is 1 then
return elt
end if
i← i+ 1
end while
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